The formation of Ps in our Galaxy is well measured, and has led to important and unanswered questions on the origin of the positrons. In principle it should be possible to form analogous systems from µ and τ leptons, viz. true muonium and true tauonium. However the probability of formation for these systems is greatly reduced due to the intrinsically short lifetimes of the µ and τ leptons. Likewise, the decay of the atoms is hastened by the high probability of the constituent particles decaying. Nevertheless, if significant numbers of µ and τ pairs are produced in high energy astrophysical environments there may be significant production of true muonium and true tauonium, despite the small probabilities. This paper addresses this possibility.
I. INTRODUCTION
In the years 1928 -1931 Dirac introduced the concept of antimatter [1] [2] [3] . In 1932 Anderson showed that these theoretical concepts were real with the detection of the positron [4] . Then in 1934 Mohorovičić published a paper on the possibility of observing positronium (Ps) from astrophysical sources via its recombination lines [5] . This prescient paper went largely unnoticed, and the existence of Ps was predicted independently and separately by Pirenne [6] , Ruark [7] , Landau (unpublished work referred to in Alichanian and Asatiani [8] ) and Wheeler [9] .
To date, the observational challenge laid down by Mohorovičić, viz. to detect astrophysical sources of Ps from its recombination lines, has not been met. However the possibility of detection of Ps recombination lines has been raised on subsequent occasions inspired by advances in technology [10] [11] [12] . Despite the non-detection of Ps recombination lines, there is clear evidence of its existence in the Galaxy from its annihilation signature [13] ; see the recent review by Prantzos et al. [14] .
The observations of annihilating electrons and positrons in our Galaxy have raised several important * Electronic address: sellis@aao.gov.au † Electronic address: jbh@physics.usyd.edu.au questions for astrophysics, the foremost being what are the sources of the positrons? Can they be explained with conventional astrophysics (e.g. high energy sources) or are more exotic sources required (e.g. annihilating dark matter)? Why is the annihilation radiation centred so strongly on the nucleus of the Galaxy with relatively little disc emission? How far do positrons disperse through the Galaxy before annihilation? In this paper we address the question of what other observable signatures there are, arising from other leptonic atoms. For example, it is possible in principle to form atoms of µ − -µ + and τ − -τ + . However, in these cases the observable signatures are complicated by the fact that the constituent particles are themselves unstable, and may decay prior to annihilation or transitions [15] . It is important to note that even improbable signatures may be significant if the rate of production of the atom is high enough; this situation is often very relevant in astrophysical situations. For example the hydrogen 21 cm emission line that results from the spin-flip transition between the hyperfine splitting of the 2 S ground state has been hugely exploited in radio astronomy since the 1950s [16, 17] , although it has a transition probability of only 2.9 × 10 −15 s −1 . Even faint signatures would be of interest. First, they would be the first such observations of µ − -µ + or τ − -τ + , either in astrophysics or in the laboratory. Secondly they would place constraints on the energetics and rate of production of µ or τ in astrophysical sources. Thirdly, the rate of µ − -µ + or τ − -τ + production, compared with estimates of µ or τ production rates, would place contraints on the physical conditions during recombination.
Such measurements could be very useful. Taking the example of Ps, the rate, distribution and energetics of formation are all well measured, but the identity of positron sources still remains unclear. This is largely because it is difficult to reproduce the distribution of Ps emission, and also because there are many e + candidates, which are difficult to distinguish observationally. Observations, or even non-detection, of µ − -µ + or τ − -τ + could place further constraints on the competing models for the origin of Galactic positrons.
The study of such processes is important, even if they are unlikely. Anomalous spectral signatures are routinely discovered, for example the recent detection of an unidentified emission line in the X-ray spectra of clusters of galaxies at 3.5 keV [18] . We note that this line is not attributable to µ − -µ + or τ − -τ + , although these species are expected to produce X-ray emission lines, as we show. Nevertheless, in such cases it is important to rule out prosaic, but poorly understood processes before accepting more exotic physics. The formation of µ − -µ + and τ − -τ + in astrophysical environments has so far received very little attention, but should not be rejected a priori on the basis of the short lifetimes of the µ and τ .
The production of µ − -µ + and τ − -τ + in electronpositron colliders is difficult due to the rapid decay times of the particles, although methods have been proposed for the creation of µ − -µ + [19] . It may be possible to bypass these difficulties if large numbers of fermionium atoms are produced in high energy astrophysical environments. This is an important possibility since neither µ − -µ + nor τ − -τ + have ever been observed, and together they are the most compact pure QED systems that could exist. An astrophysical detection would be more difficult to interpret than a collider detection, but would nevertheless constitute an important basic test of QED.
We wish to make a first step in addressing this challenge by calculating the expected observable signatures of astrophysical sources. Consider a source of particleanti-particle lepton pairs. Their possible fates are, (i) the particle immediately decays, if it is µ ± or τ ± , (ii) it directly annihilates with its antiparticle, (iii) it radiatively recombines with a free particle, then annihilates, (iv) it forms a new atom via charge-exchange, then annihilates.
Ps clearly has the highest probability of forming, since its constituent particles are stable, and can travel through the interstellar medium until they form Ps through charge-exchange or radiative recombination, although they may also directly annihilate in-flight or when thermalised. The probabilities for Ps formation have been discussed in detail [10, 20, 21] , and Ps formation at the Galactic centre is confirmed by the observation of the 511 keV annihilation signature and the three-photon triplet annihilation continuum [22] , from which a Ps formation fraction of ≈ 97 per cent is inferred. See Prantzos et al. [14] for a recent review of Ps astrophysics.
The formation of any atom having a µ or τ lepton is much less likely, since the decay times are so short that no travel of the particles is possible. Thus, we only consider the formation of true muonium and true tauonium (hereafter referred to as M and T [62] ) in situ, i.e. the particle -anti-particle pairs must be created with an energy less than the ionisation energy, so that the particle forms immediately.
To calculate the likelihood of forming M and T, we begin by reviewing the possible mechanisms for pairproduction which are relevant in astrophysical environments (section II). We then use the relevant crosssections for pair-production, to calculate the pairproduction spectra, and from these calculate the fraction of pairs which have sufficiently low energy to form an onium immediately, i.e. the fraction of pairs produced with kinetic energy less than the ionisation energy of the atom (section III). These pairs may either directly annihilate, or radiatively recombine, and we calculate the branching fraction for these processes in section IV. For those that do radiatively recombine, we calculate the cross-sections for radiative recombination, and hence the fractions which recombine into the nLth quantum level in section IV A. Then in section V we calculate the different decay channels and in section VI the resulting branching ratios for an onium in the nth level, and thus the total branching fractions for specific observational signatures. The signatures themselves are discussed in section VII. This brings us to a position where, for a given rate of pair-production, we can estimate the luminosity of each of the different decay channels, and we apply these calculations to specific astrophysical sources in section VIII. We give our conclusions in section IX.
II. PAIR-PRODUCTION PROCESSES IN ASTROPHYSICAL ENVIRONMENTS
The formation of an onium other than Ps is not complicated by possibilities of escape, in-flight formation, charge-exchange etc.; the lifetimes of the particles themselves are so short ( § V), that if an atom is not formed immediately after the creation of a particle, then the particle itself will decay before any of these processes can occur. Ultra-relativistic particles may live longer due to time dilation, but as for e + [23] , the annihilation signature will give rise to very weak continuum emission.
We consider the following production processes for leptons, l,
The pion decay processes will occur in collisions of highly energetic (> 200 MeV) cosmic rays with protons in the ISM [24] . The third process requires very high photon energies and will occur in the high energy environments surrounding compact objects, such as black-holes and neutron stars [24] . The last process may occur if the e + have large kinetic energy, and collide with e − in the ISM, e.g. if an e ± jet from an AGN or microquasar collides with an interstellar cloud of gas or a star.
We can immediately dismiss the pion decay processes as irrelevant for τ leptons, since the τ are more massive than the π ± . We can also dismiss the pion decay processes as irrelevant for the formation of M, on two grounds. First, only a single particle is produced, and the probability of radiative recombination with another free µ before it decays is negligible. Secondly, the energetics are unfavourable. Since the reaction involves a single particle of known mass decaying into two particles, the energetics are precisely determined in the zeromomentum frame; the µ is created with a kinetic energy of 4.12 MeV, which is much higher than the ionisation energy of M, ≈ 1.4 keV. Thus the created µ must first lose energy, then collide with its antiparticle, before either particle decays, the probability of which is negligible.
This leaves us with photon-photon pair production and electron-positron pair production. In both these processes the µ (or τ ) will be created with typical energies much higher than the ionisation energy of M (or T) (≈ 1.4 keV for M, and ≈ 23.7 keV for T). Only the small fraction of pairs whose total kinetic energy in the zero momentum (z.m.) frame is less than the ionisation energy can form an onium, i.e.,
where the right hand side is the ionisation energy in S.I. units, m is the mass of the lepton, µ is the reduced mass of the atom, q is the electron charge, and γ is the Lorentz factor of the produced pairs in the z.m. frame. Therefore the maximum Lorentz factor in the z.m. frame that the particles can have and still form an onium is,
Thus, only very low energy pairs can produce an onium, and γ lim is independent of mass. We now estimate the fraction of pairs produced with γ < γ lim , for various formation mechanisms.
III. THE PAIR-PRODUCTION SPECTRUM
Throughout this section we will refer to µ and M, but the arguments are identical for τ and T.
A. Pair production by photon-photon annihilation For two photons with energy E 1 and E 2 colliding at an angle θ, pair production will occur if,
where m = 2µ is the mass of an individual particle. The total energy of either produced particle, E 0 is given by,
where γ is the Lorentz factor of either of the created particles in the z.m. frame. Many authors [25] [26] [27] [28] [29] have evaluated the pairproduction spectrum (usually of e ± ) based on various assumptions about the distributions of photon energies. Here we repeat these calculations, except we integrate the resulting spectra in order to obtain the fraction of produced pairs which have sufficiently low energy to form M, i.e. those which obey equation 7.
The total cross-section for the reaction
where β = u/c, and u is the velocity of the outgoing particles in z.m. frame. Now consider a source of photons whose number density per unit energy is given by n 1 (E 1 ). Let these photons interact with an isotropic photon gas whose number density per unit energy is given by n 2 (E 2 ). The fraction of photons in the isotropic gas which lie within a differential cone at angle θ and width dθ to the incoming photon is 1 2 sin θdθ. The reaction rate in the lab frame, i.e. the number of pairs created per unit volume per unit time is thus given by,
where the factor c(1 − cos θ) is the relative velocity of the incoming photons, and the lower limit on the integral over E 1 ,
from equation 8, ensures pair production is possible. The upper limit on E 1 is either a Since the fraction fγγ is independent of mass this is the fraction for any onium, Ps, M or T.
to specify only the produced pairs which satisfy equation 7, or
for all produced pairs. The fraction of pairs which can produce M, f γγ , is thus given by the ratio of R integrated over both these limits. We have evaluated equation 11 for different cases of photon energy distribution in appendix A. Because we are interested in the ratio of R for different limits in γ, and because E 1 and E 2 are related to γ via equation 9, the form for the second distribution n(E 2 ) does not matter; integrating over E 2 leads to a different constant which cancels when taking the ratio (see appendix A). Thus, f γγ is identical for a specific power-law interacting with any isotropic photon gas. The fraction f γγ for different power-law indices are given in Table I . The total cross-section for the process e − + e
where m is the electron mass and M is the muon mass, see appendix B. The fraction of those muons produced which have sufficiently low energy that they could immediately form M now given by
where v is the relative speed of the electron and positron in the lab frame and n 1 (E 1 ) and n 2 (E 2 ) are now the distributions of the lab frame number density per unit energy of the electrons and positrons.
The lab frame energies E 1 and E 2 are related to the Lorentz factors of the produced pairs by equation B27, and the relative velocity in the lab frame, v, is given by equation B28. Therefore changing variables to integrate over γ instead of E 1 , we can calculate R ee γ lim in the limit γ max = γ lim , and R ee ∞ in the limit γ max = ∞, and thus the fraction of produced pairs with sufficiently low energy to form M is given by,
As for photon-photon annihilation the exact energy density of E 2 does not matter, since it cancels when taking the ratio. We have calculated f Mee for various powerlaw indices, where we evaluated the integrals numerically, and we show the results in Table II .
IV. CROSS-SECTIONS FOR RADIATIVE RECOMBINATION AND DIRECT ANNIHILATION
In the previous section we calculated the fraction of pairs produced, either via photon-photon annihilation, or by electron positron annihilation, which have sufficiently low energy to form Ps, M or T immediately. However, the fraction of these pairs which will form an onium is less still. As for Ps [20] there is a still a probability that some of these pairs will directly annihilate; though in the case of µ and τ we can neglect charge exchange since the probability of the particles decaying before meeting a neutral atom is large.
We have calculated the total reaction rates for radiative recombination and direct annihilation following Gould [20] (see also Gould 31) . Figure 1 shows the fraction of pairs which radiatively recombine, g rr , or directly annihilate, g da , as a function of temperature. For e ± radiative recombination dominates below ≈ 10 6 K, and for µ and τ , radiative recombination dominates at all astrophysically relevant temperatures. A. Cross-sections for radiative recombination onto the nLth level
For those pairs which do radiatively recombine to form an onium, we require the fraction which recombine into the nLth level, such that we may then determine the subsequent decay. Wallyn et al. [21] give the cross-sections for the formation of Ps via radiative recombination as a function of the quantum levels n and L and the relative energy of of the electron and positron. We have repeated these calculations for Ps, M and T, and show the results in Figure 2 . Thus we may calculate the fraction of oniums which form in the nLth energy level via radiative recombination as
In practice we cannot sum to n = ∞, and instead choose a suitably high value of n = n lim , such that the fraction f σnL asymptotes to a constant value. We computed f σnL for various limits, n lim , and found that n lim = 300, 500 or 1000 is sufficient for Ps, M, or T respectively. Using these limits we have calculated the fractions f σnL for Ps, M and T as a function of temperature, and give the results for the first six energy levels in Table III .
V. DECAY CHANNELS
We have now calculated the fraction of pairs produced via photon-photon ( § III A), or electron-positron An onium in the nLth level may decay via annihilation of its constituent particles, if L = 0; it may radiatively transition to a lower quantum level if n > 1; or if it is M or T, either one of the individual constituent particles may decay from any level. We wish to calculate the branching fractions for these various decay channels, and we begin by calculating the lifetimes for each process.
A. Annihilation
Invariance under charge-conjugation leads to the following selection rule for the decay of an onium into n photons,
where l and s are the orbital angular momentum and spin quantum numbers respectively [32, 33] . Furthermore, since the electon and positron (or µ − and µ + etc.) The fraction of those atoms which radiatively recombine to form Ps, M or T, which do so in the level nL. only overlap in the L = 0 state, annihilation into photons is only possible (barring negligble higher order decay processes) from the singlet 1 S 0 state or from the triplet 3 S 1 state. The 1 S 0 will decay into an even number of photons, with 2 being the most probable. The 3 S 1 state will decay into an odd number of photons, with 3 being the most probable, since 1 is forbidden due to conservation of momentum. However, for M and T the triplet state can also decay via one photon, which then decays into e ± pairs, i.e. M → γ * → e + e − . The decay rate of an onium in the nth level of the singlet state is given by [34] ,
where µ is the reduced mass of the onium. For triplet states the lowest order decay rate is [35, 36] ,
For M and T the decay of the triplet state into electronpositron pairs has a decay rate given by [19] ,
B. Decay
Both the µ and the τ lepton are intrinsically unstable and will decay to lighter particles. We take the decay lifetimes to be, T µ = 2.197 × 10 −6 s and T τ = 2.874 × 10 −13 s [37] .
C. Radiation
The coefficient for a radiative transition of a hydrogenic atom from the state n ′ L ′ to a lower state nL, A n ′ L ′ ,nL is given by [38] [39] [40] 
where ν is the frequency of the transition,
R ∞ is the Rydberg constant for the particular onium,
and a 0 is the Bohr radius of the onium,
The dipole matrix elements are given by [41] ,
These can be adapted for any onium simply by replacing the reduced mass, µ [21] .
The radiative coefficient for a transition from a level n ′ L ′ to any lower level is thus given by,
VI. BRANCHING RATIOS A. Branching ratios for a particular level, nL Consider an onium in the level nL. It may decay via annihilation (two photon, three photon or e ± , depending on the state and the type of atom), radiative transition, or the decay of either constituent particle (for M and T). The lifetimes (or reciprocal lifetimes) for these decay channels were calculated in the previous section. Thus we may now calculate the probabilities for each process.
Recalling that annihilation can only take place from the states with L = 0, and also that the annihilation mechanisms differ for singlet states, which decay into two photons, and triplet states, which decay either into three photons, or into e ± pairs via a single photon, the total decay constant for an onium in a level nL via any decay process is given by,
where δ(L) is a function which is 1 when L = 0, and zero otherwise. Therefore the probability of making a particular radiative transition from a level n ′ L ′ to a lower level nL is given by,
where the leading factors of 1/4 and 3/4 are the probabilities that the onium will form in the singlet or triplet state, respectively. Similarly the probability for an onium in the level n ′ L ′ to decay via two-photon annihilation is,
Likewise for three photon annihilation,
and annihilation into an electron-positron pair
Finally the probability that either constituent particle will decay is
where T µ,τ is the lifetime of the µ or τ as appropriate.
B. Total branching ratios
The previous subsection gave the branching ratios for the various decays from a particular state nL. We now need to consider the probability of an onium being in the state nL in the first place. There are two possibilities for populating the state: it may recombine directly into the state nL, or it may recombine into a higher state and cascade down into nL. That is, we assume Case A recombination [42] ; because an onium is short-lived, there is no resonant scattering of emission lines from Ps, M or T, through the excitation and re-emission of surrounding Ps, M or T atoms. For the same reason, we also assume that collisional excitation of the atoms is negligible.
Cascade probabilities
The probability of cascading from a level n ′ L ′ to a lower level nL via all cascade paths, C n ′ L ′ ,nL , is calculated using an iterative procedure [39] , such that,
where the subscripts 'sing' and 'trip' are used to specify the calculations for the singlet state or triplet state, an unfortunate but necessary complication since the decay paths are different for each.
Population of the state, nL
Meanwhile the state is depopulated by the processes described in section V. Therefore, in equilibrium the population of any state, N nL is given by [39, 43] ,
where N pairs is the rate at which pairs are produced, f ion is the fraction of pairs produced with energy less than the ionisation energy, i.e. f γγ or f ee in sections III A and III B above, g rr is the fraction of those pairs which radiatively recombine ( § IV, Figure 1 ), f σnL is the fraction of those pairs which form in level nL, ( § IV A, equation 18), and again the equation has two forms reflecting the different decay paths of the singlet and triplet states. Let us then define f nL as the relative population of the level nL, i.e.,
which is the fraction of oniums in the level nL for a population whose formation and decay rates are in equilibrium.
Branching ratios
The final step in calculating the total braching ratios is simply to multiply the fractional population each state, f nL , by the appropriate decay constant, and sum over all levels. Thus, 
Two photon annihilation (45)
Three photon annihilation (46)
Electron − positron annihilation (47)
f nLtrip , Decay of either particle (48) All of the equations 41 -48, contain either one or two infinite sums. All include the infinite sum in equation 40 which accounts for recombination into any level up n = ∞ followed by cascade to the relevant level. Equations 45 -48 also include the sum over all levels up to n = ∞ which all contribute to the relevant decay process. In practice we cannot compute these infinite sums, and instead compute equations 41 -48 up to certain limits on each sum. We then alter these limits, and fit to the resulting curve or surface, and extrapolate our results to n = ∞. The limits are n = 11 -15, for the capture-cascade sum, and n = 6 -10 for the sum over the decays.
For example, Figure 3 shows the fit to the branching ratio for M emitting Lyman α radiation at a gas temperature of T = 10 4 K. We find a good fit to all curves using a function of the form
where a, c, and d are all paramters to be fit. Figure 4 shows the two dimensional fit over both limits for annihilation into electron-positron pairs for M at T = 10 4 K. Again, we find a good fit with a functional form
where where a, c, d, f and g are all paramters to be fit, and the n 1 and n 2 are the different limiting values of n in the sums. We have checked the accuracy of the extrapolations in the following way. The branching ratios for the two photon or three photon decay of Ps, should be 0.25 and 0.75 by definition, since there is no other way for Ps to decay. We find the values given in Table IV , which agree to within 2 per cent in all cases.
We wish to highlight one further caveat to these branching ratios. The extrapolations for photon decays, and electron-positron decays are not large, and become less important as n increases, since they can only occur when L = 0, which becomes less common for higher n. However, the decay of either particle can occur from any L level, and the extrapolations are large and therefore uncertain. Therefore, rather than rely on the extrapolations for decay, we set the probability to be one minus the sum of the other decays. In any case, the decay of either particle does not have a clear observational signature and it is the probabilities for the other processes which are most important for this study. This uncertainty in our results could be lessened through calculations to higher levels, but would require significant computing resources which are unavailable to us at this time.
The results for the branching ratios are given in Tables IV, V and VI. Since Ps is well studied and understood, we do not discuss it further [14, 21] .
M has significant probabilities of Lyman α and Balmer α radiation before decaying. The decay processes are dominated by two-photon annihilation for para-M and electron-positron annihilation for ortho-M, as well as significant probabilites for either µ ± to decay if T < 10 5 K. The much shorter lifetimes of τ means that the decay processes of T are dominated by the decay of either τ ± , with only a small probability of either electron-positron or two photon annihilation. The probabilities of emitting Lyman α radiation before decay are 1 -2 per cent, and ≈ 0 for other emission lines.
VII. OBSERVABLE SIGNATURES
Tables V and VI give the branching ratios for possible radiative recombination lines and decays of M and T. We now discuss the observational signatures of these processes. The energies of radiative recombination lines and of 2-photon annihilation signatures and ionisation are given in Table VII . In addition to the 2-photon annihilation signature there will be a continuum of radiation from the 3-photon decay of the singlet state, with energies from zero to the energy of the 2-photon decay. The decay mechanisms for both τ and µ are numerous and there is no one clear observable signature that we can associate with either of these, nor is there any single identifiable signature of annihilation into e ± . All these signatures are observable with current instrumentation if they are sufficiently bright. For example Fermi-LAT is sensitive to γ-rays between 30 MeV to 300GeV and could observe the annihilation of M and T; INTEGRAL IBIS is sensitive to the T Lyman lines; XMM-Newton is sensitive to X-rays between 0.1 and 15 keV, and can observe the recombination lines of M, and the T Balmer lines.
VIII. EXPECTED SIGNATURES FROM ASTROPHYSICAL SOURCES
We are finally in a position to estimate the expected observable signatures of M and T from astrophysical sources. Consider a source of particle anti-particle pairs being produced at a rate r per second. The fraction of these pairs which will produce M or T is given by f onium = rf ion g rr (51) where f ion is the fraction of pairs produced with energy less than the ionisation energy, i.e. f γγ or f ee in sections III A and III B above, and g rr is the fraction of those pairs which radiatively recombine ( § IV, Figure 1 ). Therefore the luminosity of any particular observable signature in ph s −1 is
where b is the branching ratio of the particular signature (Tables V and VI) , and p is a factor which specifies the number of photons produced by the process, i.e. p = 1 for recombination lines, p = 2 for two-photon annihilation and p = 3 for three-photon annihilation. These luminosities can be easily converted to units of erg s −1 using the energies of the emitted photons given in Table VII. We will now estimate the expected fluxes from particular sources. These should be compared to the limiting sensitivities of current instruments. The M recombination lines are all in the soft X-ray band (0.5 -2 keV), for which a 100 ksec observation has a ≈ 4σ limiting sensitivity [44] of f X ∼ 3.1 × 10 −16 erg cm −2 s −1 . The T recombination Balmer lines are in the hard X-ray band (2 -10 keV), for which a 100 ksec observation has a ≈ 4σ limiting sensitivity of f X ∼ 1.4 × 10 −15 erg cm for M and ≈ 1 × 10 −13 erg cm −2 s −1 for T, using data from the FERMI webpages.
A. Jets
The powerful relativistic jets of active galactic nuclei (AGN) and microquasars are a probable source of pair production. These jets have strong radio emission with a power-law spectrum which is interpreted as being due to synchrotron emission from relativistic e − gyrating around the magnetic field lines of the AGN. The jets must be electrically neutral, otherwise they would cause a potential difference to build-up, which would oppose and eventually stop the jet.
It is unknown whether the positive component of jets consists of positrons, protons, or a mixture of both. Observational studies have had to rely on indirect methods of searching for the presence of e + , such as estimates of the bulk kinetic energy contained in jets, which have been used to argue for both e − -p plasma [45] and e − -e + plasma [46] [47] [48] .
Theoretically there are good reasons to expect that jets contain some fraction of e + . A pair plasma has the advantage of explaining γ-ray jets [49] and the very high Lorentz factors (Γ > 5) required to account for superluminal bulk velocities of jets [50] .
It is possible that some Ps may form in the jet, or similarly, that some e ± pairs may collide with the required energy to form M and T as outlined in § III B. However, in the observers frame, the velocity of the oniums thus formed will be highly relativistic, causing relativistic Doppler broadening and beaming of any emitted radiation [51, 52] . Such a broadened signal may still be possible to observe [51] , but would be difficult to interpret, and hardly constitutes an unambiguous test of the presence of exotic onium atoms such as M or T. Therefore we do not consider onium formation in the jet itself as a likely candidate for detection.
However, if a jet collides with stationary object such as a gas cloud, or a star, then the oniums formed in the collision will give rise to emission that is in principle observable. Such collisions may occur in the radio jets of AGN [53] , or if the jets of microquasars are mis-aligned and hit the secondary companion [54] .
Let us consider some illustrative examples. Previously [12] , we have calculated the expected positron contents of jets, by applying the arguments of Marscher et al. [52] and Marscher [55] , which were developed in order to search for 511 keV Ps annihilation radiation from 3C 120, to the empircal measurements of Ghisellini et al. [56] . We found a maximum of ≈ 10 49 e + s −1
are produced in the jets of blazars, whereas quasars produce ≈ 10 46 -10 48 e + s −1 in their jets. The jets of microquasars are expected to have a positron flux of ≈ 10 41 e + s −1 [54] . We assume that the object being hit by the jet is dense enough to stop all these positrons. Let us assume a spectral index of α = 1.5 and a temperature of T = 10 6 K for the positrons in the jet. Thus the intrinsic luminosities of the various observational signatures can be calculated, and are given in Table VIII for a blazar. These are then used to calculate the flux of the signal as a function of redshift, as shown in Figure 5 . Similar results are shown in Table IX and Figure 6 , for a mis-aligned microquasar with a spectral index of α = 1.5 and a temperature of T = 10 5 K for the positrons in the jet.
For our illustrative examples, no lines from blazars or microquasars are above the relevant current 4σ detection limits for a 100 ks exposure for either M or T.
B. Accretion discs
We now consider pairs produced in the accretion disc itself through photon-photon annihilation. The number density of pairs thus produced in the optically thick region of the disc is where σ T is the Thompson cross-section for µ or τ and R is the radius of the optically thick disc [57] . If we assume R ≈ 2GM/c 2 , i.e. the disc has approximately the Schwarzschild radius, and the thickness of the disc is ≈ R, then taking masses of M AGN = 10 6 M ⊙ for the mass of a black hole in an AGN, and M µQSO = 10 M ⊙ for the mass of a black hole in a microquasar, then the pair yields are as given in Table X . Now, assuming a spectral index of α = 1.5, then we may estimate the branching ratios as in equation 52, whereupon we find the luminosities in ph s −1 , as listed in Table XI For these illustrative examples, and a 4σ detection limit for a 100 ks exposure, the two-photon annihilation line of M would be observable in the accretion disc of an AGN at z < 0.008, while the two-photon annihilation line of T would be observable out to z < 0.36. Neither the M nor the T recombination lines would be detectable. Meanwhile, for microquasars the two-photon annihilation line of M would be observable to < 0.35 kpc, the Ly α line to < 0.038 kpc, the Ly β line to < 0.016 kpc, the Ba α line to < 0.012 kpc, and the Ba α line to < 0.007 kpc. For T, the two-photon annihilation line would be observ- able to < 16 kpc, the Ly α line to < 0.013 kpc, the Ly β line to < 0.005 kpc, the Ba α line to < 0.02 kpc, and the Ba α line to < 0.01 kpc.
IX. CONCLUSIONS
True muonium and true tauonium are the most compact pure QED systems, but have never been observed. Unlike Ps, for which there are extensive observations in our own Galaxy [14] , both the formation and decay of M and T are affected by the intrinsic instability of the µ and τ leptons. We have investigated the likelihood of their formation in astrophysical environments, and the prospects for their observation.
The probability of formation is small, ∼ 10 −8 or ∼ 10 −12 from photon-photon annihilation or electronpositron annihilation respectively. The probability is small for two reasons: (i) the lifetimes of the µ and τ are intrinsically short ( § V B), and thus M and T can only form from the products of pair production processes, such that the pairs immediately recombine, (ii) even then, only those pairs with a total kinetic energy less than the ion- isation energy can form an onium, and since pair production usually takes place in high energy process, these pairs constitute a small fraction of the total. Nevertheless, high energy astrophysical environments are capable of producing copious numbers of µ and τ pairs, and the cross-section for radiative recombination dominates that of direct annihilation ( § IV). Thus even the small fraction of pairs with energy low enough to form M or T can lead to a significant flux.
The decay of M and T are hastened by the short lifetimes of the µ and τ leptons, which may be one reason why the possibility of astrophysical observations has not received much attention. Here, we have carefully calculated the probabilities of the various observational signatures. We have calculated the cross-sections for recombination onto the nLth level ( § IV A), and the resulting branching ratios for Lyman α, Lyman β, Balmer α, Balmer β, two photon annihilation, three photon annihilation, annihilation into e ± pairs, and the decay of either µ or τ . Although the decay of either τ does dominate for T, there is still a small probability for observing recombination lines or two-photon annihilation. For M the situation is more hopeful, with significant branching ratios for Lyman α, Balmer α and two-photon annihilation.
In section VIII, we made estimates of the fluxes of M and T recombination and annihilation signatures for the cases of blazar jet-cloud interactions, jet-star interactions in mis-aligned microquasars, and within the accretion discs of AGN and microquasars. These were compared to the current detection limits of X-ray and γ-ray observatories. The expected signatures from jet-cloud or jet-star interactions were all below current detections limits. However, M and T formation within accretion discs were estimated to yield signatures brighter than the detection limits, with those from microquasars offering the brightest estimates due to their proximity. Actual observations would be further complicated by the intrinsic backgrounds and also emission from the object in question, which may have other significant line emission (e.g. see Marshall et al. [58] for a spectrum of SS 433).
These examples are only illustrative. Other sources may also be significant. For example, 511 keV electronpositron annihilation radiation was recently discovered in terrestrial γ-ray flashes due to lightning strikes [59] . These same flashes could lead to M or T formation, as well as the possibility of observing Ps recombination lines. As a different example we note in passing that the recent detection of an unidentified line at ≈ 3.5 keV in galaxy clusters [18] cannot be explained by the T Balmer α line at 3.3 keV, which is ruled out by the constraints on the energy.
In summary, the astrophysics of pair-production in any high energy source could lead to possible M and T formation. This paper provides the tools to estimate the fluxes of the M and T recombination and annihilation signatures once the rate of pair production is known.
Appendix A: The pair production spectrum for γ + γ → µ − + µ + In this appendix we evaluate equation 11 for the case in which photons with an energy density n(E 1 ) described by a power-law interact with an isotropic photon gas with an energy density also described by power law. Consider the specific case in which both ditributions have an index of − 3 2 , i.e.
In order to evaluate the integral we first convert σ(β) and n 1 (E 1 ) to be functions of γ, thus equation 11 becomes,
which upon performing the integrals over γ and θ becomes,
where
Now in this case the integral of E 2 from 0 to ∞ does not converge, because it is unphysical to have an infinite number density of photons with energy equal to zero. Therefore we integrate over arbitrary lower and upper limits, E 2low and E 2high , which will cancel out when we take the final ratio f M . Thus,
The reaction rate for all pairs produced, of any energy, is given by the limit γ lim → ∞, i.e.,
So,
Because the integral over E 2 cancels when taking the final ratio, this same fraction holds for a power-law of index − 3 2 interacting with any distribution, e.g., a power-law interacting with a black-body distribution. The above calculation has been repeated for various power-law indices, and the results are given in Table I .
Appendix B: Muon pair production from electron-positron annihilation Many standard texts (e.g. [60] ) give the cross-section for the reaction e − + e + → µ − + µ + , but only in the relativistic limit, as appropriate for particle collider experiments. In our case we require to know the cross-section at the extremely FIG. 9 : The only first order diagram for muon pair production for electron-positron annihilation, with our notation for the momentum of each particle labelled.
low energies for which the produced muons have a combined kinetic energy less than the ionisation energy of M, as in equation 5. Therefore we have calculated the cross-section exactly for any energy, following the procedure given by Griffiths [61] , and we summarise the calculation here.
There is only one first order Feynman diagram which contributes to the process, which is shown in Figure 9 , with the momentum of each particle labelled. Following the usual procedure, the amplitude for this diagram is given by
Thus the amplitude squared, which goes into the cross-section, is,
We wish to find the amplitude squared, averaged over all spins of the initial and final particles. Thus using Casimir's trick [61] , averaging equation B2 over all spins reduces to the evaulation of the traces, 
Similarly for the second trace, 
In the zero momentum frame the incoming and outgoing particles have equal and opposite momentum, and we can choose the geometry to be as in Figure 10 , without any loss of generality. Therefore the relativistic four momenta in the z.m. frame are given by, where γ and γ µ are the Lorentz factors of the electron and muon respectively, and v and V are their speeds in the z.m. frame. Energy is of course conserved,
Thus, eliminating v, V and γ, 
1. The differential cross-section
For a two-body scattering process the differential cross-section is given by Fermi's Golden Rule,
In this case we have, S = 1, since there are no identical particles in the final state. Furthermore, in the z.m. frame,
FIG. 11: The differential cross-section for the process e − + e + → µ − + µ + , for any energy (continuous lines) or in the relativistic approximation (dashed lines), for scattering angles of θ = 0 (red), π/4 (blue), and π/2 (green).
The magnitude of the initial and final three-momentum vectors are (see equations B12 and B14),
So, putting everything into the differential cross-section, and dropping the subscript on the γ factors, we have, 
in S.I. units. Figure 11 shows the differential cross-section in the relativistic case and in the general case, as a function of γ for angles of θ = 0, π/4 and π/2. The two agree perfectly when γ ≫ 1.
The total cross-section
In spherical coordinates the element of solid angle is given by dΩ = 2π sin θdθ. Therefore the total cross section is given by, σ = 2π 
The fully relativistic version is given by,
and these are compared in Figure 12 .
FIG. 12:
The total cross-section for the process e − + e + → µ − + µ + , for any energy (continuous line) or in the relativistic approximation (dashed line).
Energy threshold in the laboratory frame
To relate the lab frame energies of the colliding electrons, E 1 and E 2 , to the zero momentum frame Lorentz factors, γ, of the produced muons, we note that the absolute square of the relativistic four momentum p 2 = p µ p µ is invariant. In the lab frame, let the incoming electron be travelling along the x-axis in the positive direction, with speed u, and the incoming positron be at an angle θ to the x-axis, in the x-y plane, with speed w. The relative speed of the particles in the lab frame is then, v = u − w cos θ. Therefore in the lab frame the total relativistic four-momentum of both particles is given by,
